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Metallic glasses exhibit high hardness values, typified by a plastic constraint factor (the ratio of hardness to compressive yield
strength) that is considerably larger than that seen in ductile crystalline metals. The reason for this behaviour is investigated in this
paper, by conducting a combined experimental and numerical study on the spherical indentation response of a Zr-based bulk
metallic glass (Vitreloy-1). An extended Drucker–Prager constitutive theory with different levels of pressure sensitivity is employed
in the numerical simulations. In addition, a modified version of the expanding cavity model, which incorporates pressure sensitivity
of yielding, is used to interpret the trends exhibited by the experimental and computational results. Attention is focused on the
development of plastic flow beneath the indenter as well as the variation of hardness with indentation strain. It is shown that the
high plastic constraint factor exhibited by metallic glasses at large indentation strains is an outcome of their pressure sensitive plastic
deformation. These observations are discussed in the context of an appropriate constitutive model for yielding of metallic glasses.
 2004 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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Metallic glasses exhibit a unique combination of
mechanical properties. At low temperatures (less than
about half the glass transition temperature), after a
relatively large elastic deformation (of about 2%), plas-
ticity ensues with strain localization into narrow bands
resulting in inhomogeneous deformation [1]. In uniaxial
tension, catastrophic fracture occurs immediately after
yielding, due to the absence of barriers (such as grain
boundaries) for shear band propagation. On the other
hand, under uniaxial compression, significant plastic
deformation is observed with little strain hardening (i.e.,
an almost elastic-perfectly plastic response) [1].
At the macroscopic level, the constitutive law that
best describes yielding in metallic glasses, has been a
subject of considerable research [2–11]. A consensus is
emerging that the von Mises yield criterion, which is* Corresponding author. Tel.: +91-80-22932959; fax: +91-80-
23600648.
E-mail address: narasi@mecheng.iisc.ernet.in (R. Narasimhan).
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doi:10.1016/j.actamat.2004.03.028useful in describing the plastic behavior of ductile metals
accurately, is inadequate in capturing the yield behavior
of the metallic glasses. Instead, it has been suggested
that a Mohr–Coulomb type yield criterion, which takes
the normal stress across the slip plane in addition to the
local shear stress into account, is better suited [6,7].
Indentation tests can provide insights into the mul-
tiaxial deformation characteristics of materials that are
being tested. Consequently, the hardness and indenta-
tion response of a number of metallic glasses (both the
rapidly-quenched and bulk metallic glasses) has been
studied and reported in literature. An interesting ob-
servation that can be made from these studies is that the
hardness of a variety of metallic glasses is between 3 and
4.5 times the compressive yield strength rc0 [12–15]. This
is much higher than that for crystalline metals which is
utmost 3rc0 [16]. A possible factor contributing to this
discrepancy is the pressure sensitivity of yielding.
Narasimhan [17] has recently modified the expanding
cavity model of Johnson [18] to study the conical and
spherical indentation response of pressure sensitive
plastic solids and predicted that the hardness increasesll rights reserved.
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material.
The aim of the present work is to critically examine
the reason for the relatively high constraint factor ob-
served in metallic glasses. In particular, the effect of the
constitutive behaviour on the indentation response of
metallic glasses is studied. Attention is focussed on
spherical indentation for the following reasons. First,
instrumented spherical indentation allows for monitor-
ing the hardness as a function of the indentation strain
which is given by the ratio of contact radius a to in-
denter radius R [16,18]. This facilitates for the exami-
nation of the indented material’s response in the elastic,
elastic–plastic and fully plastic regimes. Second, because
of the axisymmetry, the results can be interpreted using
simple analytical models such as the expanding cavity
model [17,18]. Further, axisymmetric finite element
simulations can be performed to analyse the experiments
instead of expensive 3D computations as in the case of
Vickers or Berkovich indentation [7,19].
In this paper, finite element simulations of spherical
indentation of a metallic glass that obeys the extended
Drucker–Prager (EDP) yield criterion [20] are con-
ducted and the results are compared with experimental
measurements as well as with predictions based on the
modified expanding cavity model [17]. The extended
Drucker–Prager constitutive equations can be reduced
to either the von Mises or the original Drucker–Prager
model by appropriate choice of material parameters
[20]. Further, it can be made to closely approximate the
Mohr–Coulomb yield function with proper selection of
these parameters. In this connection, it must be men-
tioned that Vaidyanathan et al. [7] and Giannakopoulos
and Larsson [19] analyzed the mechanics of Berkovich
and Vickers indentation of elastic–plastic specimens
which obey the Mohr–Coulomb and the original
Drucker–Prager constitutive models, respectively. While
the former work is aimed at identifying the constitutive
response of bulk metallic glasses, the latter examines the
Vickers indentation behaviour of elastic–plastic solids.
By contrast, attention is focussed in the present study on
the effect of the yield response on the variation of in-
dentation load with depth, development of plastic flow
and stress distribution in a metallic glass specimen
during spherical indentation. Further, the variation of
hardness with indentation strain is investigated.Fig. 1. (a) Optical micrograph of the spherical indentation impression
made with a maximum indentation load of 20 N, showing shear bands
emanating from the edge of the impression. (b) High magnification
scanning electron micrograph of a region at the edge of an indent
showing two intersecting families of slip lines.2. Material and experiments
Instrumented indentation experiments on a Zr-based
bulk metallic glass with a composition of Zr41Ti14
Ni10Cu12:5Be22:5 (Vitreloy-1) were performed. The pro-
cessing and property details of this material can be found
in [11]. A plate specimen with a thickness of 3 mm and a
width of 4 mm was utilized for the indentation experi-ments. Prior to indentation, the sides of the specimens
that are to be indented were polished by successive pol-
ishing steps to a 1 lm finish using diamond paste. In-
dentation experiments were conducted using an
instrumented microindenter (Micro Hardness Tester,
CSM Instruments, Switzerland) that utilizes a feedback
control force actuator to ensure rigid displacement con-
trol during loading and a differential capacitive technique
for precise measurement of indentation depth. The dis-
placementmeasured is that between the indenter tip and a
reference plate placed close (within 0.5 mm) to the spec-
imen, so that the influence of the machine compliance on
the load versus depth curve gets nullified. The indenter is
capable of 200 lm maximum displacement with a reso-
lution of 0.3 nm and a maximum load of 30 N with a load
resolution of 0.3 mN.
The load versus depth data are continuously acquired
with an attached computer and the built-in software
facilitates obtaining different parameters like stiffness of
the unloading curve, contact depth, etc. Additionally,
the software analyzes the data with the methodology
developed by Oliver and Pharr [21] and estimates the
mechanical properties like hardness and elastic modulus.
Using a spherical diamond indenter of radius
R ¼ 50 lm, indentations were made with maximum
loads of 1, 5, 10 and 20 N. At each load, the loading and
unloading rates were maintained at 2 N/min and a 15 s
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any inertial effects of the machine. No creep was ob-
served during the hold period. At least five experiments
were conducted for each case and the results were found
to be highly reproducible.
The impressions were imaged subsequent to the in-
dentation experiments using optical as well as scanning
electron microscopes. Fig. 1(a) shows an optical mi-
crograph of the spherical indent made with a maximum
load of 20 N. The diameter of the residual impression is
around 64 lm. Flow lines, emanating from the edge of
the indentation impression, are seen. Interestingly, these
appear to resemble the slip lines around a pressurised
circular hole in a perfectly plastic solid under plane
strain which are logarithmic spirals [22]. Atomic force
microscopy (AFM) was utilized to ascertain that these
flow lines are shear bands and not cracks. Fig. 1(b) is a
scanning electron micrograph showing a higher magni-
fication view of a region adjacent to the edge of contact.
A network of two families of slip lines can be seen. The
included angle between these two families of slip lines is
found to be on the average around 79.Fig. 2. (a) AnAFM image of the shear-banded region around the edge of an indFig. 2(a) shows an AFM image of the shear banded
region at the edge of the indent. In Fig. 2(b), a line scan
across several shear bands (dotted arrow in Fig. 2(a)) is
presented displaying the topology of the surface. From
this figure, it is seen that the discrete displacement jump
at the surface associated with the shear bands varies
between 30 and 100 nm. This observation is consistent
with the discrete displacement jumps observed during
low velocity nanoindentation as well as macroindenta-
tion experiments on a variety of metallic glasses [13,15].3. Numerical analysis
3.1. Constitutive equations
As mentioned in the introduction, the EDP yield
criterion is employed in the computations carried out in
this work. From the standpoint of a numerical formu-
lation, it is easier to implement this yield function (as
compared to the Mohr–Coulomb criterion) because it
has a continuously varying normal.ent. The arrow indicates the line scan, topology of which is shown in (b).
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Here, (r1; r2; r3) are the principal values of the Cauchy
stress tensor rij, J2 and J3 are the second and third in-
variants of the deviatoric part of the Cauchy stress, and
rm is the hydrostatic stress. Further, rc is the true yield
stress in a uniaxial compression test and a (which is
referred to as the pressure sensitivity index) and C are
material parameters. The yield function described by
Eq. (1) represents a conical surface in principal stress
space with the vertex on the hydrostatic tension axis.
The trace of the yield surface on the deviatoric plane is
non-circular and its shape is determined by the param-
eter C. A circular trace is obtained for the special case of
C ¼ 1 which corresponds to the original Drucker–Pra-
ger model. To ensure convexity of the yield surface, C
must be greater than 0.778 [20]. It must be noted that for
the special case of C ¼ 1 and a ¼ 0, U in Eq. (1) reduces
to the von Mises yield function.
The total deformation rate Dij (symmetric part of the
spatial gradient of velocity) is taken to be the sum of an
elastic and a plastic part, so that
Dij ¼ Deij þ Dpij: ð5Þ
The Jaumann rate of Cauchy stress rij is related to D
e
ij
by a constant, positive definite, isotropic elasticity tensor
Cijkl as
rij ¼ CijklDekl: ð6Þ
In this work, an associated flow rule is employed so
that the plastic part of the deformation rate Dpij is taken
to be directed along the normal to the yield surface. In
order to describe the strain hardening behavior for
multiaxial loading, an effective plastic strain increment is
defined as
dp ¼ ð1
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3
tan aÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
þ 1
3
tan2 a
q ffiffiffiffiffiffiffiffiffiffiffiffiDpijDpijq ð7Þ
so that it reduces to the axial plastic strain increment
under uniaxial compression. On employing Eq. (6) along
with the flow rule and the plastic consistency condition,
the rate constitutive equation can be derived asrij ¼ LijklDkl; ð8Þ
where Lijkl is the elastic–plastic constitutive tensor.
The response of the material in uniaxial compression
is idealized by a piecewise power hardening law of the
form:
c
c0
¼ r
c=rc0; r
c6 rc0;
ðrc=rc0Þn; rc > rc0:

ð9Þ
Here, rc0 is the initial yield stress and 
c
0 ¼ rc0=E is the
initial yield strain under uniaxial compression and n is
the strain hardening exponent of the material. In the
present computations, n is assumed as 20 to represent
the almost perfectly plastic behaviour of metallic glasses.
Further, the initial compressive yield strain rc0=E and
Poisson’s ratio m are chosen as 0.02 and 0.36, respec-
tively, which correspond to the properties reported in [7]
for Vitreloy-1. Three values of a ¼ 0, 10 and 20 are
considered. These are realistic since previous investiga-
tions [6,7] suggest values for the Mohr–Coulomb fric-
tion parameter corresponding to Pd- and Zr-based
metallic glasses in the range from 0.08 to 0.14 which are
approximately equivalent to a ¼ 9–17 for the EDP
model. Most of the computations are carried out for the
case of C ¼ 1. However, for a ¼ 10, results are also
reported for C ¼ 0:8 in order to assess the effect of shape
of the yield locus on the indentation response.3.2. Computational aspects
In this work, axisymmetric finite element analyses of
spherical indentation of a cylindrical specimen are con-
ducted. An updated Lagrangian finite element formu-
lation [23] is employed. The contact between the rigid
indenter and the specimen is assumed as frictionless and
is modelled using the slideline approach along with a
penalty formulation [24]. The finite element mesh used
in the computations is shown in the r–z plane along with
the applied boundary conditions and the rigid indenter
at incipient contact in Fig. 3. It is comprised of 1488
four-noded isoparametric quadrilateral elements and is
well refined near the zone of indentation. It was chosen
on the basis of a mesh convergence study in order to
ensure that the results reported below are only margin-
ally affected by further refinement of the mesh. The ratio
of the specimen radius to indenter radius Ls=R and
specimen depth to indenter radius ds=R are taken as 6
and 5, respectively. The simulations are carried out
under displacement controlled conditions till a maxi-
mum indentation depth of 0:2R is attained. At this stage,
the maximum plastic zone extent in the specimen is
confined to within 2R, so that there is no interaction
with the specimen boundaries.
It must be noted that since a continuum analysis with
homogeneous material properties is performed here, the
results would depend only on the ratios of different
d
s
L
s
R
Indenter
Specimen
r
z
Fig. 3. Finite element mesh of the specimen in the r–z plane along with
boundary conditions and the rigid indenter.
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Thus, for example, from analytical solutions for contact
between a sphere and an elastic or elastic–plastic half-
space [25,26], as well as from dimensional requirements,
it may be expected that the indentation load P would
have the following functional form:
P ¼ ER2f ðh=R; rc0=E; n; a;C; mÞ: ð10Þ
In the above equation, h=R is the ratio of the inden-
tation depth to indenter radius. Here, it is assumed that
the plastic zone is small enough and does not interact
with the specimen boundaries. In view of above
considerations, all results are presented below in an
appropriately normalized form.4. Results
4.1. Variation of load with indentation depth
The variations of normalized load P=ðER2Þ with in-
dentation depth h=R corresponding to different values of
material parameters C and a are presented in Fig. 4.
Also shown are the unloading curves corresponding to
two stages of indentation (h=R ¼ 0:1 and 0.2). The P–h
curve predicted by the elastic Hertz solution, which is
given by P=ðER2Þ ¼ 4=ð3ð1 m2ÞÞðh=RÞ3=2 [26], and the
experimental data pertaining to Vitreloy-1 are included
in Fig. 4 for comparison. At small loads, the numerically
obtained P–h curves merge with the elastic Hertz solu-
tion. The elastic modulus of about 95 GPa, estimated
from the unloading slopes of the experimental as well ascomputed P–h curves, is consistent with the value
reported in literature for Vitreloy-1.
The P–h curves computed from the elastic–plastic
analyses become almost linear at large h=R. In order to
confirm this observation, variations of the type
P=ðER2Þ ¼ Aðh=RÞs, where A is a constant, were fitted to
the loading curves corresponding to different ranges of
indentation depth. It was found that the index s de-
creases from around 1.5 at small h=R to a value of about
1.1 at h=R ¼ 0:2. In this connection, it must be noted
that the expanding cavity model [25] for indentation of
an elastic-perfectly plastic solid assumes a linear varia-
tion of load with indentation depth under fully plastic
conditions.
On examining the different loading curves shown in
Fig. 4, it can be noted that the load at a given h=R in-
creases with a. Thus, the von Mises model (a ¼ 0) pre-
dicts the lowest load versus indentation depth response.
The reason for the above behaviour is the higher com-
pressive axial stress experienced by the material under-
neath the indenter when a increases as will be discussed
later. The experimental P–h data for Vitreloy-1 lies be-
tween the curves pertaining to a ¼ 0 and 10. On fol-
lowing the unloading curves, it can be seen that the ratio
of residual depth at complete unloading to the value at
the beginning of unloading, hr=hmax, decreases with in-
crease in a. In order to clearly illustrate this trend, the
above ratio is plotted against the indentation strain
normalized by the compressive yield strain, Ea=ðrc0RÞ, in
Fig. 5 corresponding to different combinations of ma-
terial parameters. The experimental data for hr=hmax
corresponding to Vitreloy-1, which is included in this
figure, is lower than that predicted by the von Mises
model.
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Fig. 5. Ratio of residual depth at complete unloading to the value at
the beginning of unloading, hr=hmax, versus normalized indentation
strain, Ea=ðrc0RÞ corresponding to different values of material param-
eters obtained from numerical simulations along with experimental
data for Vitreloy-1.
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a on the P–h response are qualitatively similar to the
results of Vaidyanathan et al. [7] and Giannakopoulos
and Larsson [19] for Berkovich and Vickers indentation.
By contrast, it is interesting to note from Figs. 4 and 5
that the shape parameter C of the yield locus has little
influence on the P–h curve as well as on the variation of
hr=hmax with indentation strain.
4.2. Development of plastic flow
The plastic zone development in the specimen at
different stages of indentation, as characterized by the
levels of indentation strain a=R, for the material with
C ¼ 1 and a ¼ 10 is depicted in normalized coordinates
in Fig. 6. It can be seen from this figure that the plastic
zone at initial stages of indentation is elongated in the
axial direction, whereas it becomes more rounded (i.e.,
hemispherical) at large indentation strain (as fully
plastic conditions are approached). Thus, in Fig. 6, the
ratio of the plastic zone extent in the axial direction to
that in the radial direction, rpz=rpr, is around 1.9 at
a=R ¼ 0:26, whereas it reduces to 1.2 at a=R ¼ 0:58. In
this context, it must be noted that the expanding cavity
model [17,18] assumes a hemispherical plastic zone
surrounding the center of contact at the specimen
surface.
The variations of normalized plastic zone size in the
axial direction, rpz=R, with normalized indentation
strain, Ea=ðrc0RÞ, are shown in Fig. 7(a) corresponding
to different material parameters. It is important to note
that the plastic zone size at a given indentation strain
increases strongly with a. This correlates with the larger
indentation load experienced by a material with higher aas mentioned earlier. A similar observation based on the
expanding cavity model was made by Narasimhan [17].
Indeed, the elastic–plastic solution for an internally
pressurised spherical cavity obtained by Narasimhan
[17] shows that the plastic zone surrounding the cavity
grows by a larger amount for a given increment in radial
displacement of the cavity boundary when a is higher.
Also, as in the case of the P–h curves, it can be noticed
from Fig. 7(a) that the yield locus shape parameter C
has little influence on the growth of the plastic zone size
in the specimen.
In Fig. 7(b), the evolution of the normalized plastic
zone extents in the axial and radial directions, rpz=R and
rpr=R with normalized indentation strain obtained from
the finite element analyses (FEA) are shown for the case
of a ¼ 10. Also displayed is the corresponding varia-
tion based on the expanding cavity model (ECM) de-
rived by Narasimhan [17] (see also Appendix A).
Fig. 7(b) shows that the plastic zone radius predicted by
the cavity model lies in between the axial and the radial
plastic zone extents computed from FEA. Further, it
can be seen that rpr approaches rpz at large indentation
strain as noted from Fig. 6.
4.3. Contact stress distribution
The distribution of normalized axial stress rzz=rc0 along
the contact zone (i.e., just beneath the indenter) is shown
in Fig. 8 corresponding to various material properties at a
normalized indentation strain, Ea=ðrc0RÞ ¼ 30. It can be
seen from this figure that the axial stress distribution on
the contact zone, obtained from the elastic–plastic anal-
yses, is quite uniform and drops sharply in magnitude at
the edge of contact which is different from the elastic
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Fig. 7. (a) Variation of normalized plastic zone extent in axial direction
with normalized indentation strain. (b)Variation of normalized plastic
zone extents in axial and radial directions with normalized indentation
strain obtained from finite element analysis (FEA) along with predic-
tion by the expanding cavity model (ECM) for the material with
a ¼ 10.
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obtained from FEA by other investigators for materials
obeying the von Mises model (see, for example, [27]).
Further, it is found from the present computational re-
sults that rrr and rhh are also compressive and display a
uniform variation over a predominant portion of the
contact zone.
The average values of all stress components over the
contact area at Ea=ðrc0RÞ ¼ 30 are summarized in Table
1 along with the predictions based on the cavity model.
This model assumes that the stress state along the con-
tact zone is given by rzz ¼ ðp þ r^Þ and rrr ¼ rhh ¼
ðp  r^=2Þ, where p is the hydrostatic pressure (see
Appendix A). The above contention is supported by the
computational results which show that the values of rrr
and rhh on the contact zone are close to each other(within 5%, see Table 1). Further, while the average
values of rzz on the contact zone match closely with the
results of the cavity model, the latter predicts somewhat
lower magnitudes for the radial and circumferential
stress components. Notwithstanding this discrepancy, it
is important to note from Table 1 and Fig. 8 that both
the cavity model and FEA show that the magnitude of
all stress components on the contact zone enhance with
a. This trend is particularly pronounced for rzz which
increases in magnitude by about 35% as a changes from
0 to 20. It is attributed to the enhancement in mag-
nitude of both the hydrostatic (or core) pressure p and
the superposed compressive axial stress r^ with a (see [17]
as well as Eq. (A.11)). The former can be traced to the
higher internal pressure which is required to expand a
spherical cavity when a is larger [17].
4.4. Variation of hardness with indentation strain
The variation of the normalized hardness H=rc0, also
referred to as the constraint factor [26], with normalized
indentation strain Ea=ðrc0RÞ is shown in Fig. 9 corre-
sponding to different a (with C ¼ 1). The results de-
duced from FEA are compared with the predictions
based on the expanding cavity model [17]. Also included
in the figure are the hardness data corresponding to
Vitreloy-1 obtained from the spherical indentation ex-
periments conducted in this work as well as the Berko-
vich hardness value reported in [29]. The equivalent
indentation strain corresponding to the latter is taken as
tanð19:7Þ [18]. It must first be noted that the hardness
predicted by the expanding cavity model and FEA agree
well with each other for all values of a and over a wide
range of indentation strains. The constraint factor in-
creases strongly with a, particularly at large indentation
strain. As explained in Section 4.3, this is primarily
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Fig. 9. Variation of normalized hardness with indentation strain pre-
dicted by finite element analysis (FEA) and expanding cavity model
(ECM) corresponding to different a along with experimental data for
Vitreloy-1.
Table 1
Average values of stresses in the contact zone at Ea=ðrc0RÞ ¼ 30 obtained from finite element analysis (FEA) and the expanding cavity model (ECM)
corresponding to different material parameters
C a () FEA ECM
rrr=rc0 rhh=r
c
0 rzz=r
c
0 rrr=r
c
0 rzz=r
c
0
1.0 0 )1.69 )1.69 )2.56 )1.55 )2.55
0.8 10 )1.84 )1.76 )2.92 )1.65 )2.96
1.0 10 )1.86 )1.83 )2.95 )1.65 )2.96
1.0 20 )2.01 )1.93 )3.45 )1.75 )3.47
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underneath the indenter when a is larger. The hardness
data for Vitreloy-1 (both from the present experiments
as well as the Berkovich test reported in [29]) is higher
than that predicted by the von Mises model. Further
experimental support for this conclusion is provided by
the microindentation test results on various Zr- and Pd-
based bulk metallic glasses reported in [12,14,15] which
show values of hardness exceeding three times the yield
strength.5. Discussion
The elastic–plastic constitutive response of metallic
glasses has been investigated in several studies, but is
still not fully understood. However, it is now widely
recognized that the von Mises yield criterion is inap-
propriate for metallic glasses even though some experi-
mental evidence in support of this model has been
provided by Kimura and Masumoto [8] and Bruck et al.
[2]. There are several reasons for this contention. First,
the measured values of tensile yield strength for metallicglasses are found to be lower than the compressive yield
strength [6]. Atomistic simulations incorporating shear
transformation zones, which are the fundamental units
of plasticity in metallic glasses, have also demonstrated
this tension–compression asymmetry [10]. Secondly, re-
cent experiments conducted by Lu and Ravichandran
[11] show that the yield strength of Vitreloy-1 is strongly
influenced by hydrostatic pressure. They employed a
confining ring method and were able to subject cylin-
drical specimens to high hydrostatic pressure (of the
order of 2.8 GPa) in addition to axial compression. In
this context, it must be noted from the present study that
the hydrostatic pressure underneath the indenter is of
the order of 2:3rc0 (see Table 1), which is around 4.4 GPa
for Vitreloy-1.
Further, it has been reported that the orientation of
slip bands under uniaxial compression in some metallic
glasses deviates from the plane of maximum resolved
shear stress (see, for example [6]). This behaviour is
similar to that observed for polymers [30] and implies
that both the normal stress as well as the shear stress on
the slip plane should influence yielding in metallic glas-
ses. In this connection, as noted in Section 2, the in-
cluded angle between the two families of slip lines seen
around the edge of contact in Fig. 1(b) is 79. If the
material obeys the Tresca or von Mises yield criterion,
the slip lines would be the maximum shear directions
with an included angle of 90.
In order to incorporate the above noted observations
within the framework of continuum plasticity, the
Mohr–Coulomb, modified Tresca and Drucker–Prager
yield criteria have been suggested for metallic glasses [6].
The Mohr–Coulomb yield function is given by
jsj ¼ s0  lrn; ð11Þ
where s and rn are the shear and normal stresses on the
slip plane, and s0 and l are the yield stress in pure shear
and friction parameter, respectively. The modified
Tresca yield function, advocated by Lu and Ravichan-
dran [11], is given by
jsj ¼ s0  brm; ð12Þ
where b is a pressure sensitivity index. It is important to
recognize that while only the Mohr–Coulomb model can
explain the deviation of the slip bands from the maxi-
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display tension–compression asymmetry [6] as well as
hydrostatic stress dependence. Thus, in principal stress
space, the Mohr–Coulomb and modified Tresca yield
surfaces are (irregular and regular) hexagonal pyramids
with vertex on the hydrostatic tension axis [31]. Further,
these yield functions are dependent on both J2 and J3,
whereas the original Drucker–Prager model does not
involve J3 (and, hence, has a circular trace on the devi-
atoric plane [31]). The EDP yield function employed in
this work incorporates J3 dependence as well (see
Eq. (1)), has a smoothly varying normal, and can be
made to closely approximate the Mohr–Coulomb yield
function with proper choice of C and a [20]. It should be
noted that an included angle of 79 between the slip
lines, as observed in the present experimental study, is
representative of a Mohr–Coulomb material with fric-
tion parameter of 0.19 [32]. This corresponds to a  20
in the extended Drucker–Prager constitutive model used
in this work and is consistent with the hardness mea-
surements as well.
It is important to note that the present simulations
have demonstrated that the shape parameter C of the
yield locus has little influence on the spherical indenta-
tion response. Indeed, for a spherically symmetric stress
field, all the yield criteria mentioned above will coincide,
and hence, from the expanding cavity model [17], it
follows that they will predict similar indentation be-
haviour. Thus, in general, it would be difficult to discern
from indentation studies, which of the above yield cri-
teria is most suitable for metallic glasses. However, the
present work clearly shows that both the hardness and
plastic zone size associated with spherical indentation of
metallic glasses depend on the yield strength as well as
the pressure sensitivity index a of the material. This
suggests that results such as those depicted in Figs. 7(a)
and 9 can be employed in conjunction with corre-
sponding experimental data for metallic glasses to de-
duce the values of rc0 and a. In this connection, it must
be pointed out that in recent studies, plastic zone mea-
surements around nanocontacts have been combined
with cavity model predictions to provide reliable esti-
mates of the yield strength for various alloys (see, for
example [33]). The present work suggests that such an
approach can yield valuable information about the
mechanical properties of metallic glasses as well.6. Summary and conclusions
The main conclusions of this work are summarized
below.
1. The load at a given indentation depth increases with
the pressure sensitivity index a of the material,
whereas the ratio of residual depth at complete un-
loading to the maximum indentation depth, hr=hmax,decreases. The experimental P–h data for Vitreloy-1
is higher than that predicted by the von Mises model
(a ¼ 0). Also, the data for hr=hmax is lower than that
given by this model.
2. The plastic zone surrounding the indented region is
initially elongated in the axial direction but becomes
more rounded at later stages of indentation. The plas-
tic zone size enhances with a at a given indentation
strain which is consistent with the predictions of the
expanding cavity model.
3. All stress components underneath the indenter are
compressive and display a uniform variation over a
predominant portion of the contact zone. The finite
element results corroborate the assumptions made
in the cavity model about the contact stress distribu-
tion (such as rrr  rhh). In fact, the average values of
the stresses in the contact zone computed from FEA
agree well with those predicted by the cavity model. It
is important to note that all stress components in the
contact zone increase in magnitude with a.
4. The constraint factor H=rc0 obtained from the finite
element solution is close to that given by the cavity
model for a wide range of indentation strain, irrespec-
tive of a. It enhances strongly with a particularly at
large indentation strain. This is attributed to the
higher core pressure required to expand a spherical
cavity when a is larger. The experimental constraint
factor data for Vitreloy-1 is higher than that pre-
dicted by the von Mises model and appears to fall be-
tween the values computed for a ¼ 10 and 20,
which is consistent with the included angle measured
between the slip lines around the indents.Acknowledgements
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analysis of pressure sensitive plastic solids
In this appendix, an approximate analysis of spheri-
cal indentation of pressure sensitive plastic solids by the
expanding cavity model is briefly described. The mate-
rial is assumed to obey the Drucker–Prager yield crite-
rion (Eq. (1) with C ¼ 1) and the associated flow rule.
A more detailed description of the cavity model has been
presented recently by Narasimhan [17].
The expanding cavity model developed by Marsh
[34] and Johnson [18] assumes that the subsurface
displacements produced by any blunt indenter are
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and the plastic strain contours are hemispherical in
shape. The contact surface is taken to be encapsulated
in a hemispherical core of radius a (see Fig. 10). It is
further assumed that a hydrostatic compressive stress
of magnitude p prevails inside the core. The stresses
and displacement outside the core are taken to be the
same as that in an infinite elastic–plastic body con-
taining a spherical cavity under pressure p. These fields
have been presented in [17,28].
The relationship between the core pressure p and the
plastic zone radius rp is given by
p ¼ Drc0
rp
a
 2q
 B
q
rc0: ðA:1Þ
Here, B, q and D are given by
B ¼ ð1 tan a=3Þð1þ 2 tan a=3Þ ; ðA:2Þ
q ¼ tan að1þ 2 tan a=3Þ ; ðA:3Þ
D ¼ B
q
þ 2
3
ð1 tan a=3Þ: ðA:4Þ
The cavity model of indentation assumes that the
radial displacement of particles lying on the core
boundary during an increment of penetration accom-p
r p
a
R
CO
da
z
dr
a
Fig. 10. Schematic illustrating elastic–plastic indentation as idealized by the
hemispherical core of radius a, which in turn is surrounded by a hemispherimodates the volume of material displaced by the in-
denter. On applying this condition along with the
expression for the radial displacement for an internally
pressurised spherical cavity, the evolution equation for
the plastic zone size rp with contact radius a is obtained
as (see [17]):
rc0
E
2qM
rp
a
 2q1
 3L
2
rp
a
 s1 drp
da
¼ a
2R
: ðA:5Þ
Here, L, s and M are given by:
L ¼ 2ð2q 3Þð1 mÞð3 4qgÞ Dq; s ¼
3
2g
; ðA:6Þ
M ¼ Lgþ ð1 mÞðq 1ÞDþ mD; ðA:7Þ
where
g ¼ 1
2
þ tan a
3
: ðA:8Þ
It can be shown (see [17]) that in the limit as a! 0,
the evolution equation for the plastic zone size (Eq.
(A.5)) reduces to that given by Johnson [25]
rc0
E
3ð1

 mÞ rp
a
 2
 2ð1 2mÞ a
rp

drp
da
¼ a
2R
: ðA:9Þ
Eq. (A.5) or (A.9) can be integrated numerically from
the contact radius corresponding to initial yielding, ay ,
which is determined as explained byNarasimhan [17] anda
RE
r
PLASTIC ZONE
INDENTER
expanding cavity model. The contact zone is taken to be encased in a
cal plastic zone of radius rp.
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The core pressure p can then be computed fromEq. (A.1).
It must be noted that the stress state immediately
beneath the indenter will not be purely hydrostatic. As
proposed by Johnson [25], the stresses below the in-
denter may be approximated with reference to a cylin-
drical coordinate system (r; h; z) centered at the point of
first contact (see Fig. 10) as follows
rzz ’ ðp þ r^Þ; rrr ¼ rhh ’ ðp  r^=2Þ: ðA:10Þ
On substituting this assumed form for the stress
components into the yield condition (1), r^ is determined
as
r^ ¼ 2r
c
0
3
1

þ tan a p
rc0

 1
3

; ðA:11Þ
where the core pressure p is obtained as indicated above.References
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